Abstract-This paper deals with the bending of layered piezoelectric beams (multimorphs) subjected to arbitrary electrical and mechanical loading. Weinberg [1] obtaind a closed-form solution to this problem using Euler-Bernoulli beam theory and integrated equilibrium equations. In his analysis, Weinberg assumes that the electric field is constant through the thickness of the piezoelectric layers. This approximation is valid for materials with small electromechanical coupling (EMC) coefficients. In this paper, we relax this constraint and obtain a solution which accounts for the effect of strain on the electric field in the layers. We find that Weinberg's solution can be extended to arbitrary EMC with a simple correction to the moment of inertia of the piezoelectric layers. The EMC correction amounts to replacing with (1 + ) , where is the square of the expedient coupling coefficient. The error in beam curvature introduced by neglecting the effect of EMC is shown to be proportional to . This effect can be quite significant for modern piezoelectric materials which tend to have large EMC coefficients. The formulation is applied to three example cases: a cantilever unimorph, an asymmetric bimorph and a three-layer multimorph with an elastic core. The theoretical predictions for the last two examples are compared to simulations using the finite-element method (FEM) and found to be in excellent agreement.
I. INTRODUCTION

P
IEZOELECTRIC layered beams often serve as sensors and actuators in microelectromechanical systems (MEMS) [2] . These structures, referred to as multimorphs, consist in general of thin layers of piezoelectric, dielectric, conductor and elastic materials. Multimorph devices operate in a bending mode resulting from the applied mechanical and electrical loading.
Weinberg [1] obtained a simple closed-form solution for the bending of piezoelectric multimorphs using Euler-Bernoulli beam theory, which neglects the effect of transverse shear on the deformation of the beam. The fundamental assumptions in this theory are that cross sections remain plane and normal to the deformed beam axis. These assumptions are appropriate given the slender geometry of typical multimorphs [3] , [4] . In the solution, equilibrium is imposed in a weak sense using integrals over the the beam thickness. The resulting formulation is expressed in terms of effective cross section properties.
Weinberg's analysis provides a clear and comprehensive modeling tool for the displacement and charge in a multimorph due to external moment, axial force and external electric field. However, one of the assumptions in the analysis is that the electric field in the piezoelectric layers is constant. This approximation is valid for materials with small electromechanical coupling (EMC) coefficients. Many piezoelectric materials satisfy this condition, however modern piezoelectrics are designed to maximize the transfer of energy and thus tend to have large coupling coefficients [5] .
In this paper we extend the Weinberg analysis to materials with arbitrary EMC coefficients by accounting for the variation of electric field in the beam layers. This variation is a result of EMC between the electric field and the nonuniform bending strain in the layers. Existing solutions which incorporate this effect have either been limited to the special case of bimorphs [6] or are significantly more complex than the Weinberg formulation [7] . We show that the Weinberg model [1] can be extended to materials with arbitrary EMC coefficients with a simple correction to the cross section inertia of the different layers. The fundamental difference between wide and narrow multimorphs is also discussed.
In the remainder of the paper, the term "EMC effect" refers to the effect of strain on the electric field in the piezoelectric layers due to EMC. The term "EMC correction" refers to the modification to the Weinberg model which accounts for this effect.
II. LAYERED PIEZOELECTRIC BEAM MODEL
A. Model Description and Assumptions
We consider a piezoelectric multimorph with layers. The multimorph is loaded mechanically by application of distributed and point loads normal to the beam axis, and electrically by application of voltages across the piezoelectric layers. The mechanical loading results in a distribution of moment and shear force along the length of the beam. If the beam is prevented from extending in the axial direction, a constant axial force may also be present. Fig. 1 shows a portion of the beam along with a section at position showing the internal loads in their positive sense. The figure also shows the coordinate system (c.s.) and geometric parameters used in the analysis. The width of the beam is .
The assumptions made in the derivation of the model are similar to those in [1] : 1) each layer can be piezoelectric or purely elastic; 2) each layer in the beam is in static equilibrium; 3) displacements are continuous across the interfaces (i.e., no slip discontinuities exist at the interfaces); 4) beam thickness is much less than the radius of curvature induced by the mechanical and electrical loading; 5) the cross section of the layers is constant along the length of the beam. The additional assumption in [1] that EMC is small is relaxed here. Assumptions (3) and (4) together, allow the axial strain at any point in the beam to be defined as (1) where and are the position of the neutral axis and radius of curvature, respectively, along the beam. Note that the neutral axis, which corresponds to the location of the unstrained fiber in the beam, is not equivalent to the centroid of the beam , unless the beam is loaded only by a moment distribution.
B. Layer Constitutive Behavior
The linear three-dimensional (3-D) piezoelectric constitutive relation at constant temperature is given in Voigt notation by [8] (2) where and are the strain and stress vectors, respectively, is the compliance matrix at constant electric field, is the piezoelectric coupling matrix, and is the electric field vector. The indices and run from 1 to 6, index runs from 1 to 3, and the Einstein summation convention is assumed. For the one-dimensional (1-D) beam problem we assume . Two cases are considered for the out-of-plane stress: (1) plane stress conditions for narrow beams , where ; and (2) plane strain conditions for wide beams , where . The electric field is assumed to point in the -direction, so that . In addition, we assume a material free of shear-tension coupling, such that
. For now we focus on a generic layer in the multimorph without specifying the layer index. The material properties are assumed to be constant within each layer along the length of the beam. The mechanical and electrical fields, however, will vary along the and directions. No variation in the direction is permitted due to the plane stress or strain condition applied. Given the above, relation (2) may be rewritten in 1-D form as
where and are the axial stress and strain, is the electric field in the -direction, and and are the effective Young's modulus and piezoelectric coupling coefficient, respectively, given by plane stress plane strain,
plane stress plane strain.
It is now necessary to relate to the applied electric loading. Consider the case in Fig. 2 , where a voltage is applied across a piezoelectric layer of thickness . If the layer were a simple dielectric, we would have (6) For a piezoelectric layer, the effect of the variation of strain in the layer on the electric field in it must be accounted for. This effect was neglected in the Weinberg [1] formulation and is derived here.
Neglecting fringing effects, the electric displacement is constant in the layer at each point along the beam and is oriented along the -direction. 1 The corresponding piezoelectric relation is (7) where is the dielectric constant. Subject to the same assumptions that led to the derivation of (3), we obtain the 1-D form of (7) (8) where the dependence on the coordinates has been made explicit, is given by (5), and plane stress plane strain.
The voltage difference is constant along the beam and thus integrating (8) across the layer we have (10) Defining as the average layer stress (11) and rearranging (10) we have (12) Substituting (12) into (8) gives (13) Comparing (13) to (6), we see that EMC in the piezoelectric layer introduces a nonconstant correction to the layer electric field. Next, we substitute the piezoelectric stress-strain relation (3) into (13) This may be confirmed by substituting (13) into (16) and integrating. Substituting (17) into (14) and solving for , we have (18) where is the square of the expedient coupling coefficient [6] defined as (19) and is the EMC coefficient defined by
For plane stress, where is the EMC coefficient for axial stress only [8] . For plane strain, where is the EMC coefficient for axial stress and plane strain conditions [8] .
To this point our discussion has been general without specific mention of the layered structure of the multimorph beam or the strain relation for bending in (1) associated with it. To proceed further and obtain an explicit expression for , these factors must be introduced. We recall that the multimorph is comprised of layers. Each layer has effective material properties , and , thickness , and a voltage across it. The location of the center of the layer is , so that points inside layer fall in the range (Fig. 1) . In this notation the 1-D piezoelectric relation in (3) for points in layer becomes (21) Next, we introduce the beam strain relation. Substituting (1) into (15), the average strain along layer when subjected to bending is
Substituting (1) and (22) into (18), we obtain the explicit form of in layer (23) We may now combine the stress-strain relation in (21) with the electric field in (23) and the strain field in (1) to obtain the stress field within layer ,
If then and the EMC term is negligible relative to the axial strain. In this case the constitutive relation reduces to (21) with a constant electric field as was used in [1] .
C. Application of Mechanical Equilibrium
The stress field in (24) (26) is identical to relation (6) in [1] .
The condition for moment equilibrium is 
In (33), is the moment of inertia of layer . Constant has units of moment and has units of . Expression (31) is identical to relation (8) We define as the new coordinate in the -direction with origin at (see Fig. 1 ). In the new c.s., the parameters , and are recomputed as , and using the same definitions as before with replaced by . The advantage of this is that since , then from (36) we have . Relations (34) and (35) are then (37) (38) It is of interest to evaluate the error in curvature introduced by neglecting the EMC effect in order to quantify its importance. If the EMC effect is neglected, the resulting error in curvature is (39) In (39), indicates summation only over piezoelectric layers. The total error is thus a linear function of the coupling coefficients of the piezoelectric layers. For systems where all piezoelectric layers are composed of the same material with coupling coefficient , the error will be proportional to this value
The maximum possible error in curvature in this case is , which is obtained for a piezoelectric unimorph composed of a single piezoelectric layer with electrodes of negligible thickness. For this case,
, and the sums in the numerator and denominator cancel out. For multimorphs, the maximum error is approached in structures where one of the piezoelectric layers is significantly thicker than all other layers combined, so that is small. Modern piezoelectric materials for actuator applications are designed to have large piezoelectric coefficients in order to maximize the transfer of electrical energy to mechanical energy [5] . A consequence of this is that piezoelectric actuator materials have large EMC coefficients. The effect is accentuated under plane strain conditions. For PZT-5A, for example, under plane stress conditions and under plane strain conditions. This means that the maximum error in curvature for this material can reach nearly 40% for plane strain structures. This is a substantial effect.
D. Governing Equations
The curvature along the length of the beam is given in (37). The deflection of the beam in the -direction may be obtained from this relation, by noting that for small displacements , so that
In the absence of axial constraints (i.e., ), the solution is straightforward and may be obtained from (41) by integration and application of boundary conditions. For the axially constrained case, the moment generated by the axial force due to its vertical displacement must be accounted for. The resulting beam-column equation is (42) where is the external distributed load per unit length acting normal to the beam axis. This equation must be solved subject to the displacement boundary conditions and the curvature relation in (41).
Lumped model solutions to (41) and (42) for a cantilever and a built-in multimorph are given in Weinberg [1] . The EMC correction to these solutions simply involves replacing the moments of inertia with effective moments of inertia .
III. REPRESENTATIVE EXAMPLES
In this section we present three examples that demonstrate the influence of the EMC correction. In the examples, the predictions of the current model with the EMC effect included ("corrected model") are compared with the Weinberg [1] model ("standard model").
A. Cantilever Unimorph
The first example considered is a single-layered piezoelectric cantilever beam of length and cross section dimensions and (see Fig. 3 ). The beam is loaded by a concentrated force The deflection at the end of the beam is . The error in the end deflection, when neglecting the EMC effect, is . Thus for a piezoelectric unimorph used as a sensor, such as an AFM beam [2] , neglecting the EMC effect can result in large errors.
B. Asymmetric Bimorph
The second example we present is an asymmetric bimorph (see Fig. 4 ). The bimorph has a fixed height and layers of different thickness and , where is a parameter ranging from 0 to 1. The structure is built-in at one end and loaded electrically by short-circuiting the top and bottom surfaces and applying a voltage at the interface between the two layers. Both layers are composed of the same piezoelectric material with the same crystallographic orientation. The stiffness of the electrode layers is neglected.
The curvature of the bimorph due to the applied electrical loading is constant along the -axis and is obtained from (37) by setting (46) The centroid of the bimorph is located at . Given this, the parameters and in (46) can be shown to be
and thus (49) If the EMC effect is neglected , the predicted curvature is independent of (50) The error in curvature introduced by neglecting the EMC effect is (51)
The error scales with and increases the more asymmetric the beam becomes (see Fig. 5 ). The error is maximum at and where it reaches . 2 For a symmetric bimorph the error is . To verify the model, finite-element method (FEM) calculations were carried out using the commercial package ANSYS for a bimorph with dimensions and , and applied voltage V. The layers are composed of PZT-5A with material parameters given in Table I . The poling axis of the piezoelectric layers is aligned with the bimorph -axis. The effective 1-D material constants and EMC coefficients are given in Table II . The simulations were carried out for both plane stress and plane strain conditions using the two-dimensional (2-D), 4-noded, coupled-field solid element PLANE13. A uniform mesh was used with 200 elements along the length of the beam and 30 elements in the thickness direction for a total of 6000 elements. The results for the two cases are presented in Fig. 6 . The simulation results appear as square symbols and the theoretical predictions as the lines. The agreement between model and simulation for both plane stress and plane strain is excellent. The dash-dot line in the figure is the result predicted by the standard model [1] . For plane stress, the standard model predicts a curvature of 2 The results at = 0 and = 1 are, of course, nonphysical since at these points the bimorph becomes single-layered and no curvature is expected. As ! 0 or ! 1 the behavior of the system is expected to deviate from the theory as the electrodes across the infinitesimally thin layer interact and eventually short-circuit. . This result deviates from the actual curvature, obtained in the simulation and predicted by the corrected theory, by 3.4% for the symmetric bimorph and by 9.9% for the most asymmetric cases tested ( and Fig. 7 . Schematic of the symmetric three-layer multimorph example.
). For plane strain, the prediction of the standard model for the curvature is and the observed deviations are 9.8% for the symmetric case and 28.6% for the asymmetric end cases. For a real beam with finite width, the results are expected to fall somewhere within the range set by the plane stress and plane strain results. Although in this case the effect of anticlastic curvature must also be considered [12] .
C. Symmetric Three-Layer Multimorph
The final example considered is a symmetric three-layer multimorph with piezoelectric layers on the outside and a central electrode of finite thickness which plays an elastic role in addition to its electrical function (see Fig. 7 ). This design corresponds to the parallel bimorph structure defined in [13] . The multimorph has fixed height . The thickness of the central electrode is where can vary from 0 to 1. With , the bimorph of Section III-B is recovered for the case . The influence of the outer electrodes is neglected. The electric boundary conditions are the same as those defined in Section III-B, with the central electrode set to a voltage and the outer electrodes shorted. As before, the piezoelectric layers are taken to be symmetric in the -plane so that the poling axis is aligned with the multimorph -direction. The parallel bimorph structure was selected for this example in order to reduce the complexity of the resulting expressions. The effect of EMC is not very large for this case. In order to emphasize it we focus on the plane strain case where the effect is more pronounced. In practical applications, parallel bimorphs are less common than unimorph designs where the EMC effect is larger.
The curvature of the multimorph due to the applied electrical loading is given by (46). The centroid of the multimorph is located at , and with this, the parameters and can be shown to be (52) (53) where the material constants , and are those of the piezoelectric layers, and , where is the effective Young's modulus of the electrode layer. Substituting (52) and (53) into (46), the multimorph curvature is given by (54) If the EMC effect is neglected the curvature is (55) Note that in this case, the standard theory result is not independent of the geometry as it was in the previous example. For , the result in (50) is recovered. For , . At this limit the electrode occupies the entire thickness of the multimorph. The result in this case is nonphysical for the same reasons given earlier.
To verify the model, FEM calculations were carried out using the same methodology detailed in Section III-B. The piezoelectric layers were taken to be of PZT-5A and the central electrode of Pt with texture in the -direction. Both common choices for piezoelectric multimorphs [2] . The material properties are given in Table I . The elastic constants of the textured Pt were calculated using the formulation in [10] with single crystal constants from [11] . The effective 1D constants for the piezoelectric layers are given in Table II . The effective Young's modulus of the Pt layer under plane strain conditions is , so . The remaining parameters are the same as those used in Section III-B ( , , ). Fig. 8 shows the curvature as a function of , predicted by the standard model (dash-dot line) and the corrected theory (dashed line), along with the FEM results (hollow squares). The FEM results are in excellent agreement with the corrected theory. The maximum deviation between the standard and corrected models occurs at . As , the standard and corrected theories coincide.
IV. CONCLUSION
A general theory is derived for layered piezoelectric beams which accounts for the variation of electric field in the beam layers due to EMC between the strain and electric field. The theory is an extension of the formulation in Weinberg [1] which neglects this effect. It is found that the EMC correction to Weinberg's formulation is achieved simply by replacing the moment of inertia of the piezoelectric layers with an effective moment of inertia where is the square of the expedient coupling coefficient [6] . With this substitution made, all results in [1] remain valid, including the expressions for piezoelectric sensing and the lumped parameter models. The error introduced to the beam curvature by neglecting the EMC effect is a linear function of the coupling coefficients of the piezoelectric layers (56)
The proportionality factors in (56) are functions of the layer geometry and effective Young's modulus. For a beam containing a single piezoelectric layer with coupling coefficient , or one where all piezoelectric layers are composed of the same material, the error is proportional to . The magnitude of the error increases for multimorphs where one of the piezoelectric layers is significantly thicker than all other layers combined. The maximum possible error is which is obtained for a piezoelectric unimorph. For PZT-5A for example for plane stress conditions and for plane strain conditions, so the effect can be substantial.
Three different examples were presented to demonstrate the EMC effect. The first example was a cantilever unimorph loaded by a concentrated force at its end. The error in tip deflection introduced by neglecting the EMC effect is equal to . The second example was an asymmetric bimorph with layers of thickness and loaded electrically by a voltage applied between the piezoelectric layers. If the EMC effect is neglected, the predicted curvature is independent of the asymmetry parameter . With the effect included, the curvature is an inverse quadratic function of . The maximum error is . The final example, is a symmetric three-layer multimorph with an elastic core, loaded electrically as in the previous example. The second and third examples were verified by FEM calculations for PZT-5A piezoelectric layers and Pt electrodes with texture. Both plane stress and plane strain conditions were tested. The agreement between theory and simulation were excellent in both cases.
